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Abstract
A real hyperelliptic curve X is said to be Gaussian if there is an automorphism  : XC → XC
such that = [−1]C ◦ , where [−1] denotes the hyperelliptic involution on X. Gaussian curves arise
naturally in several contexts, for example when one studies real Jacobians. In the present paper, we
study the properties of Gaussian curves and we describe their moduli spaces.
© 2005 Elsevier B.V. All rights reserved.
MSC: 14H15; 14H37; 14P99; 30F50
1. Introduction
Complex hyperelliptic curves are uniquely determined, up to isomorphism, by their
branch locus. For real curves this is false, in general. For example, let p be a strictly positive
reduced real polynomial. Then the real hyperelliptic curves X and X− deﬁned by the afﬁne
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plane equations y2 = p(x) and y2 = −p(x) have the same branch locus but they are not
isomorphic, since X has real points, while X− has not.
So a natural question arises: “When is a real hyperelliptic curveX uniquely determined by
its branch locus?”Aﬁrst answer is that this happens if and only if there is an automorphism 
of the complexiﬁcationXC ofX such that =[−1]C◦, where [−1] denotes the hyperelliptic
involution on X (see Theorem 2.3). In this case, we say that  is an imaginary automorphism
for X, and that X is a Gaussian curve.
But why is it interesting to study Gaussian curves? They arise naturally when one studies
the problem of characterizing the Jacobians of real curves among all principally polarized
real abelian varieties (see [1] or [8] for details about real abelian varieties). Since the
complexiﬁcation of a real Jacobian is a complex Jacobian (but the converse is not true, in
general), one usually restricts one’s attention to the moduli spaceJ of principally polarized
real abelian varieties whose complexiﬁcation is a complex Jacobian. In fact, there is a
natural involution I acting on J, having the nice property that it exchanges Jacobians of
nonhyperelliptic real curves with principally polarized real abelian varieties that are not
real Jacobians (see [7, Proposition 3.4] for the precise deﬁnition of I). On the contrary, the
locus of hyperelliptic real Jacobians is stable for I. However, its general point is not ﬁxed
by I and the link with our problem is just the following: a real curve is Gaussian if and only
if its Jacobian is ﬁxed by I.
In the present paper, we study the Gaussian curves whose real locus is not empty. The
Gaussian curves whose real locus is empty will be studied in a forthcoming paper [5]. Here,
then, we can restrict our attention to hyperelliptic curves that are double coverings of the
real projective line P1 (see Section 2 for more details about this assumption).
Themain results of the present paper concern the classiﬁcation of Gaussian curves. Topo-
logically, a Gaussian curve X is classiﬁed by only two invariants: its genus g and the number
k of connected components of its real locus. To classify X geometrically, it is useful to look
at the real automorphism  of P1 induced, via the hyperelliptic covering, by the imaginary
automorphism  that deﬁnes the structure of Gaussian curve on X. Then X is said to be of
type I or of type II according to whether  has real ﬁxed points or not. In Theorem 4.3, we
classify Gaussian curves of type I: ﬁrst we determine for what pairs (g, k) the moduli space
of Gaussian curves of type I having genus g and k real components is not empty. Next, for
such pairs, we compute the dimension and the number of irreducible components of this
space. Similarly, in Theorems 5.3 and 5.5, we classify Gaussian curves of type II.
This paper is organized as follows. In Section 2, we develop the theory that we need to
study Gaussian curves. In Section 3, we introduce the moduli spaces of Gaussian curves.
Sections 4 and 5 are devoted to Gaussian curves of types I and II, respectively. Finally, in
Section 6 we apply our results to the case of real curves of genus 2.
Convention. A curve over a ﬁeld is supposed to be smooth, proper and geometrically
integral [3].
2. Gaussian real curves
A hyperelliptic curve is usually supposed to be of genus at least 2. Although we are
primarily interested in curves of genus at least 2, here it will be convenient to remove this
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assumption. This will make some notations easier, as we need to refer generically to curves
of arbitrary genus, in some constructions.
More precisely, a real hyperelliptic curve is a pair (X, f ), where X is a real algebraic
curve and f :X → Y is a morphism of degree 2 from X into a real algebraic curveY of genus
0 (when the genus of X is greater than 1, the hyperelliptic covering f is uniquely determined
by X).
We say that (X, f ) is isotropic if Y is isomorphic to the real projective line P1. We say
that (X, f ) is anisotropic if Y is isomorphic to the “empty circle” (that is the real curve of
genus 0 having no real points).
In the present paper, we only consider isotropic curves: the anisotropic ones will be
studied, via real line arrangements, in a forthcoming paper [5]. So, from now on, we will
always assume Y=P1 andwewill omit specifying “isotropic” for a real hyperelliptic curve.
Amorphism of hyperelliptic real curves from (X, f ) into (X′, f ′) is a pair of morphisms
:X → X′, :P1 → P1 such that f ′ ◦  =  ◦ f . The following statement (see [2,
Lemma 2.3]) gives a necessary and sufﬁcient condition for real hyperelliptic curves to be
isomorphic.
Lemma 2.1. Let (X, f ) and (X′, f ′) be real hyperelliptic curves having branch loci B and
B ′. Then the following conditions are equivalent:
(1) There is an isomorphism :P1 → P1 such that
(a) (B)= B ′, and
(b) (f (X(R)))= f ′(X′(R)).
(2) The real hyperelliptic curves (X, f ) and (X′, f ′) are isomorphic.
Given a real hyperelliptic curve (X, f ), one can construct another real hyperelliptic curve
(X−, f−), having the same branch locus as (X, f ) and which is not isomorphic to (X, f ),
in general. The following is the construction of (X−, f−). Let us consider the Galois group
G = Gal(C/R), acting naturally on the complexiﬁcation XC = X×RC. It gives rise to a
morphism of groups  from G into the group AutR(XC) of R-automorphism of XC. One
can twist the -action of G on XC by deﬁning a morphism :G→ AutR(XC) by ()=
[−1]C◦() (where  is the nontrivial element ofG and [−1] is the hyperelliptic involution
on (X, f ), that is the unique nontrivial automorphismofXoverP1).Themorphismdeﬁnes
another action of G on XC. The quotient of XC by the -action of G is a real algebraic
curve X−, and fC induces a ramiﬁed double covering f−:X− → P1 which is said to be
obtained from f by twisting the real structure.
The following statement is well known. We include it for future reference.
Lemma 2.2. Let (X, f ) be a real hyperelliptic curve. Let B be the branch locus of f. If
(X′, f ′) is another real hyperelliptic curve with branch locus B, then (X′, f ′) is either
isomorphic to (X, f ) or to (X−, f−).
The natural action of G on XC induces an action of G on the group Aut(XC) of auto-
morphisms of XC. As usual, for  ∈ Aut(XC), we denote by  the element  · , where 
is the nontrivial element of G. In fact, with the previous notation, = () ◦  ◦ ()−1.
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The following theoremgives necessary and sufﬁcient conditions for (X, f ) and (X−, f−)
to be isomorphic.
Theorem 2.3. Let (X, f ) be a real hyperelliptic curve. Let B be the branch locus of f. Let
[−1] be the hyperelliptic involution of (X, f ). Then the following conditions are equivalent:
(1) The real hyperelliptic curves (X, f ) and (X−, f−) are isomorphic.
(2) There is an automorphism  ofXC, of ﬁnite order, such that  and [−1]C commute, and
= [−1]C ◦ .
(3) There is an automorphism ofP1, of ﬁnite order, such that(B)=B and(f (X(R))) =
f (X(R)).
Moreover, if the above conditions are satisﬁed, the number of automorphisms  of P1
satisfying condition 3 is ﬁnite, and any such automorphism has even order.
Proof. 1⇒ 2: Suppose that (X, f ) and (X−, f−) are isomorphic. Then, there are isomor-
phisms :X → X− and :P1 → P1 such that f− ◦ =  ◦ f . Since XC =X−C , = C is
an automorphism of XC. We check that  satisﬁes the two conditions of 2.
Since
f− ◦ ( ◦ [−1] ◦ −1)=  ◦ f ◦ [−1] ◦ −1 =  ◦ f ◦ −1 = f−,
one has  ◦ [−1] ◦ −1 = [−1]−, the nontrivial automorphism of X− over P1. It follows
that  ◦ [−1] = [−1]− ◦ , and, taking complexiﬁcations,
 ◦ [−1]C = [−1]C ◦ .
Therefore,  and [−1]C commute. Moreover, since  is a morphism over R, its complexiﬁ-
cation  satisﬁes
 ◦ ()= () ◦ = [−1]C ◦ () ◦ .
It follows that = [−1]C ◦ .
2 ⇒ 3: Let  be an automorphism of XC satisfying condition 2. It induces an automor-
phism  of P1.
One clearly has (B)=B. In order to show that (f (X(R))) = f (X(R)), suppose that
(f (X(R))) is equal to f (X(R)). Then, by Lemma 2.1,  would lift to an automorphism 
of X. Then, =C or =[−1]C ◦C. In both cases, =, which contradicts the hypothesis
that  = [−1]C ◦ . Therefore, (f (X(R))) = f (X(R)). Moreover, it is clear that the
automorphism  induced by  is of ﬁnite order if  is of ﬁnite order.
3 ⇒ 1: Let  be an automorphism of P1 such that (B) = B and (f (X(R))) =
f (X(R)). Then maps f (X(R)) into f−(X−(R)). This means that the two curves (X, f )
and (X−, f−) are isomorphic (see Lemma 2.1). 
When the conditions of Theorem 2.3 hold, we say that (X, f ) is a Gaussian curve and
that  is an imaginary automorphism for (X, f ). Observe that such an automorphism 
for f does neither commute with (), nor with (). To put it otherwise, an imaginary
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automorphism  for f is not the complexiﬁcation of an automorphism of X or X−. This
justiﬁes the terminology “imaginary automorphism”, in case the formula = [−1]C ◦  is
not striking enough.
The following statement implies that a Gaussian curve is, up to isomorphism, determined
by its branch locus.
Corollary 2.4. Let (X, f ) be a Gaussian curve. Let B be the branch locus of (X, f ).
Let (X′, f ′) be another real hyperelliptic curve, with branch locus B ′. Then (X′, f ′) is
isomorphic to (X, f ) if and only if there is an automorphism  of P1 such that (B ′)=B.
Proof. Suppose that there is an isomorphism (,) from (X′, f ′) onto (X, f ). Then, ob-
viously, (B ′)= B.
Conversely, suppose that there is an automorphism  ofP1 that satisﬁes (B ′)=B. Then,
(X′,◦f ′) is a ramiﬁed double cover ofP1 of branch locus B. By Lemma 2.2, (X′,◦f ′)
is either isomorphic to (X, f ) or to (X−, f−). Since (X, f ) is Gaussian, (X′, ◦ f ′) is
isomorphic to (X, f ). Hence (X′, f ′) is isomorphic to (X, f ). 
3. Moduli of Gaussian real curves
LetH be the moduli space of all real hyperelliptic curves. As a set,H consists of all
isomorphism classes of ramiﬁed double covers of the real projective line P1. The setH is
easily seen to have a natural structure of a semianalytic variety (see [4] for the deﬁnition of
a semianalytic variety). Of course,H has inﬁnitely many connected components. Indeed,
let (X, f ) and (X′, f ′) be real hyperelliptic curves. Then, (X, f ) and (X′, f ′) belong to the
same connected component of the moduli spaceH of all real hyperelliptic curves if and
only if X and X′ have the same genus, and the continuous maps
f|X(R):X(R) −→ P1(R) and f ′|X′(R):X′(R) −→ P1(R)
are homeomorphic.
Now, letG be the locus inH of all Gaussian curves. Let us show thatG is a real analytic
subvariety ofH.
Deﬁne an involution  onH by
(X, f )= (X−, f−).
It is clear that 2 = id. Since  = id,  is an involution onH. By deﬁnition of a Gaussian
curve, the subset G ofH of Gaussian curves is equal to the set of ﬁxed points of  onH.
Since  is analytic, the set G is a real analytic subvariety ofH. In particular, G acquires a
natural structure of a semianalytic variety. It is the moduli space of all Gaussian curves.
Let (X, f ) be a real hyperelliptic curve. We say that (X, f ) is extraordinary if f is
unramiﬁed over the real points of P1. Otherwise, (X, f ) is called ordinary. A connected
component ofH contains either onlyordinary real hyperelliptic curves or only extraordinary
ones. Therefore, we deﬁne a connected component ofH to be ordinary if all its elements
are ordinary, and we deﬁne it to be extraordinary if all its elements are extraordinary.
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Proposition 3.1. The subsetG ofH of all Gaussian curves is contained in the union of all
ordinary components ofH.
Proof. Let (X, f ) be an extraordinary real hyperelliptic curve. The real locus of (X, f )
is empty if and only if the real locus of (X−, f−) is not empty (see [1, Section 4.3]). So
(X, f ) and (X−, f−) are not isomorphic, i.e., (X, f ) is not Gaussian. Then any Gaussian
curve is ordinary. 
Let X be a real algebraic curve. Denote by g(X) the genus of X. Denote by r(X) the
number of real components of X, i.e., the number of connected components ofX(R). Let g
be a natural integer, and let r be a natural integer satisfying 1rg + 1. Denote byHg,r
the subset ofH of all ordinary real hyperelliptic curves (X, f ) such that the genus of X is
equal to g and the number of real components of X is equal to r. Then,Hg,r is an ordinary
connected component ofH. Conversely, any ordinary connected component ofH is of
the formHg,r for some natural integers g and r satisfying 1rg + 1. Deﬁne
Gg,r = G ∩Hg,r ,
i.e., Gg,r is the locus inHg,r of Gaussian curves. The sequel of the paper is devoted to the
study of Gg,r .
Let (X, f ) be a Gaussian curve. Let  be an automorphism ofP1 of ﬁnite order satisfying
(f (X(R))) = f (X(R)) (cf. Theorem 2.3). Two cases can occur: either  has real ﬁxed
points, or  has not. In the former case we say that X is Gaussian of type I. In the latter case
we say that X is Gaussian of type II. Note that a Gaussian curve can be of both types at the
same time.
Let GI be the locus of Gaussian curves in G that are of type I, and let GII be the locus of
Gaussian curves in G that are of type II. Then, GI ∪GII =G. Let also GIg,r be the locus of
Gaussian curves of type I in Gg,r , and let GIIg,r be the locus of Gaussian curves of type II in
Gg,r . Then, Gg,r = GIg,r ∪ GIIg,r .
Deﬁne G˜ to be the moduli space of triples (X, f,), where (X, f ) is a Gaussian curve
and  is an automorphism of P1 of ﬁnite order that satisﬁes (B)=B and (f (X(R))) =
f (X(R)), where B is the branch locus of f. Here, two such triples (X, f,) and (X′, f ′,′)
are said to be isomorphic if there is an isomorphism (h, k) from (X, f ) into (X′, f ′) that
satisﬁes ′ ◦ k = k ◦ . As a set, G˜ consists of all isomorphism classes of triples (X, f,)
as above. We will see that G˜ has a natural structure of a semianalytic variety.
Deﬁne G˜I to be the locus in G˜ of the isomorphism classes of (X, f,)with  having real
ﬁxed points. Deﬁne G˜II to be the locus in G˜ of the isomorphism classes of (X, f,) with 
not having real ﬁxed points. Then, G˜ is the disjoint union of G˜I and G˜II. Let
: G˜ −→ G
be the forgetful map. By Theorem 2.3,  is surjective. Moreover, (G˜I)=GI and (G˜II)=
GII. By Theorem 2.3,  has ﬁnite ﬁbers.
324 J. Huisman, M. Lattarulo / Journal of Pure and Applied Algebra 200 (2005) 318–331
4. Gaussian curves of type I
In this section, we give an explicit description of the moduli space G˜I. First, we show how
to construct explicitly Gaussian curves of type I. After that, we will show that all Gaussian
curves of type I are obtained by this construction (cf. Proposition 4.1).
For the explicit construction of Gaussian curves of type I, let k be a separable polynomial
in R[x] such that k(0) = 0. Let X = Xk be the smooth model of the real curve deﬁned by
the equation y2=xk(x2), and let f =fk:X → P1 be the morphism deﬁned by f (x, y)=x.
Then (X, f ) is a real hyperelliptic curve, as deﬁned in Section 2.
Let :P1 → P1 be the automorphism (x)=−x. Then, there is a imaginary automor-
phism  for f inducing  by Theorem 2.3. Indeed, since the polynomial xk(x2) changes
sign at x = 0, the automorphism  does not map the subset f (X(R)) of P1(R) into itself.
Therefore, (X, f,) is a Gaussian curve of type I.
Let  be the subset of R[x] of all separable polynomials k satisfying k(0) = 0. Let
	: −→ G˜I
be the map 	(k)= (Xk, fk, x → −x).
Proposition 4.1. The map 	 is surjective.
Proof. Let (X, f,) be an element of G˜I, i.e., X is a Gaussian curve of type I, and the
automorphism  has real ﬁxed points. Since  = id, the automorphism  has exactly 2
real ﬁxed points. Then, after a change of coordinates of P1, we may assume that  is the
automorphism on P1 deﬁned by (x)=−x. In particular, the order of  is equal to 2.
Now, there is a nonzero separable polynomial h inR[x] such that X is a smooth model of
the real curve deﬁned by the equation y2=h(x) and such that f is the mapping (x, y) → x.
Since  respects the branch locus of f, (h)= 
h, for some nonzero real number 
. Since
 does not map f (X(R)) into itself, 
< 0. Since  has ﬁnite order, 
 = −1. It follows
that there is a separable polynomial k in R[x] with k(0) = 0 and such that h(x)= xk(x2).
Hence, X is a smooth model of the curve deﬁned by the equation y2=xk(x2), i.e., (X, f,)
is isomorphic to the Gaussian curve (Xk, fk, x → −x) of type I. 
The map 	 is, in fact, a quotient map. Indeed, the group R acts left-handedly on 
by multiplication, i.e., 
 · k = 
k. The group  = R2 acts right-handedly on  as
follows. The ﬁrst factor of  acts by 
 · k(x) = 
k(
2x). The second factor of  acts by
(−1) · k = k(x−1) · xd , where d = deg(k). It is clear that the actions of R and  on 
commute.
Since a Gaussian curve is determined by its branch locus (cf. Corollary 2.4), one has the
following statement.
Theorem 4.2. The map 	 above induces a bijection
	:R\/ −→ G˜I.
In particular, G˜I acquires a natural structure of a semianalytic variety as a quotient of .
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For k ∈ , let d(k) denote its degree, p(k) the number of its positive real roots, and q(k)
the number of its negative real roots. Let d, p and q be natural integers. Let (d,p,q) be the
set of polynomials k ∈  such that d(k)= d, p(k)=p and q(k)= q. Of course, (d,p,q) is
nonempty if and only if p+qd and p+q ≡ d (mod 2). If nonempty,(d,p,q) has exactly
2 connected components: two polynomials k,  ∈ (d,p,q) belong to the same connected
component of(d,p,q) if and only if k(0) and (0) have the same sign. Now,(d,p,q) is stable
for the actions of R and  on . The quotient R\(d,p,q)/ is connected. Therefore, the
connected components ofR\/ areR\(d,p,q)/, where d, p, q satisfy the conditions
p + qd and p + q ≡ d (mod 2).
It follows that the connected components of G˜I are the subsets 	((d,p,q)).
Theorem 4.3. Let g and r be natural integers satisfying 1rg + 1. The connected
componentHg,r of the moduli spaceH of real hyperelliptic curves contains Gaussian
curves of type I.More precisely, the irreducible components of the locus of Gaussian curves
of type I in the moduli spaceHg,r are the subsets (	((g,r−1,q))), where q is a natural
integer satisfying qg− r+1 and q ≡ g− r+1 (mod 2). In particular, all its irreducible
components are of dimension g − 1, if g1.
Proof. Since the connected components of G˜I are the subsets 	((d,p,q)), the irreducible
components ofGI are the subsets (	((d,p,q))), where p+qd and p+q ≡ d (mod 2).
In order to show the statement of the theorem, it sufﬁces to show that a real hyperelliptic
curve (X, f ) belonging to (	((d,p,q))) has genus d and has p+ 1 real components. But
this is easy to check. 
5. Gaussian curves of type II
To study Gaussian curves of type II it is useful to introduce the following notation. Let
B be a reduced effective divisor on P1, such that B(R) is of positive even degree. Let I be a
ﬁnite union of intervals of P1(R) such that the boundary I is equal to B(R). We say that
an automorphism  ∈ Aut(P1, B) is of signature −1 if (I ) = I .
Let B˜ be the moduli space of all pairs (B,), where B is as above, and  ∈ Aut(P1, B) is
an automorphism of ﬁnite order and of signature−1.As a set, B˜ consists of the isomorphism
classes of all pairs (B,). Two such pairs (B,) and (B ′,′) are isomorphic if there is an
automorphism k ofP1 such that k(B)=B ′ and k ◦=′ ◦ k. It is clear that B˜ has a natural
structure of a semianalytic variety.
Let
: G˜ −→ B˜
be the map that associates to an element (X, f,) of G˜ the element (B,) of B˜, where B
is the branch locus of f. Then,  is a bijection by Theorem 2.3.
Deﬁne the subset B˜I of B˜ consisting of all pairs (B,), where  has real ﬁxed points.
Deﬁne also the subset B˜II of B˜ consisting of all pairs (B,), where has no real ﬁxed points.
Then, B˜ is the disjoint union of B˜I and B˜II. In fact, B˜I and B˜II are open subsets of B˜. In
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particular, B˜I and B˜II come along with a natural structure of a semianalytic variety. Again,
the restrictions I and II of  to the subsets G˜I and G˜II, respectively, are isomorphisms
onto G˜
I
and G˜II, respectively.
Now we are ready to give an explicit description of the moduli space G˜II. It will give rise
to an explicit description of each irreducible component of GII.
Let (X, f,) be an element of G˜II, i.e., X is a Gaussian curve of type II, and  is an
automorphism of P1 having no real ﬁxed points and of even nonzero order, by Theorem
2.3. Let n be the order of . Of course, the nonzero natural integer n is uniquely determined
by (X, f,). Let us call n the order of (X, f,). Denote by G˜II,n the subset of G˜II of all
(X, f,) of order n. Of course, G˜II is the disjoint union of the subsets G˜II,n, for n ∈ 2N,
n = 0. LetGII,n be the image of G˜II,n inH by the forgetful map . We say that a Gaussian
curve (X, f ) of type II is of order n if it belongs to the subset GII,n ofH. Of course, a
Gaussian curve of type II can be of several orders at the same time, i.e., the intersection
GII,n ∩ GII,k is not necessarily empty.
As for the case of Gaussian curves of type I, we need to determine the genus and the
number of real components that can have a Gaussian curve of type II. More precisely, given
g, r ∈ N with 1rg + 1, we determine a necessary and sufﬁcient condition on g, r for
GIIg,r = GII ∩Hg,r to be empty or not.
Lemma 5.1. Let r and  be nonzero natural integers. Then,  is the order of an odd element
of Z/2rZ, if and only if  divides 2r and the quotient 2r/ is odd.
Proof. Note that it makes sense to speak about odd elements of Z/2rZ since 2r is even. It
is clear that  is the order of an element of Z/2rZ if and only if  divides 2r . Moreover, the
elements of Z/2rZ of order  are the generators of the subgroup kZ/2rZ of Z/2rZ, where
k = 2r/. These generators are either all odd or all even. Since k is of order  in Z/2rZ,
the integer  is the order of an odd element of Z/2rZ if and only if  divides 2r and the
quotient 2r/ is odd. 
Lemma 5.2. Let r and  be nonzero natural integers. Let h: S1 → S1 be the homeomor-
phism deﬁned by h(x)=x, where  is a primitive th root of unity. Then, there is a disjoint
union I of r closed intervals in S1 such that h(I ) ⊆ I if and only if  divides 2r .Moreover,
in that case, h(I)I if and only if 2r/ is odd.
Proof. The ﬁrst statement is clear. In order to show the second, suppose that  divides 2r ,
and let I be a disjoint union of r closed intervals such that h(I ) ⊆ I . The complement
S1\I has exactly 2r connected components. Moreover, the set of connected components
of S1\I is cyclically ordered. Choose a bijection between Z/2rZ and the set of connected
components of S1\I that respects cyclic orderings. Then h induces a bijection  from
Z/2rZ into itself that respects the cyclic ordering. It follows that there is an element s ∈ Z
such that (x)= x + s for all x ∈ Z/2rZ. Since the order of  is equal to , the integer s is
of order  in Z/2rZ.
Now, h(I)I if and only if s is odd. By the preceding lemma, h(I)I if and only if 2r/
is odd. 
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Theorem 5.3. Let g, r ∈ N such that 1rg + 1. Let n ∈ 2N, n = 0. Then there is a
Gaussian curve inHg,r of type II and of order n if and only if the following two conditions
are satisﬁed:
(1) n divides 2r and the quotient 2r/n is odd, and
(2) n divides g − r + 1 or n divides g − r .
Proof. Suppose that (X, f,) is a Gaussian curve of type II and of order n such that X is
of genus g and has r real components. As before, we may assume that the ﬁxed points of 
are the points ±√−1. Since  does not map f (X(R)) into itself, the order n of  divides
2r , and 2r/n is odd, by Lemma 5.2. Moreover, f has 2g + 2 ramiﬁcation points. Exactly
2r of them are real. Hence, exactly 2g + 2 − 2r of them are nonreal. The set of nonreal
ramiﬁcation points of f is stable for the action of . Since the complex conjugate of a nonreal
ramiﬁcation point of f is also a ramiﬁcation point, and since  only has ±√−1 as ﬁxed
points, either 2g+ 2− 2r is divisible by 2n, or 2g− 2r is divisible by 2n. It follows that n
divides g − r + 1, or n divides g − r .
Conversely, suppose that n ∈ 2N\{0} satisﬁes conditions 1 and 2. Let us show that there
is a Gaussian curve (X, f ) inHg,r of type II and of order n. First, choose an automorphism
 of P1 of order n having ±√−1 as ﬁxed points. Since n divides 2r , one can choose 2r
distinct real points P1, . . . , P2r ofP1 such that the set {P1, . . . , P2r} is stable for the action
of . Now, there are two cases to consider: the case that 2n divides 2g−2r+2, and the case
that 2n divides 2g−2r . In the ﬁrst case, one can choose 2g−2r+2 nonreal complex points
P2r+1, . . . , P2g+2 ofP1 different from±
√−1 such that the set {P2r+1, . . . , P2g+2} is stable
for complex conjugation, as well as for the action of . In the second case, one can choose
2g − 2 of such points P2r+1, . . . , P2g , and one lets P2g+1 =
√−1 and P2g+2 = −
√−1.
In both cases, one ends up with a set of 2g + 2 complex points that is stable for complex
conjugation, as well as for the action of . Moreover, precisely 2r of them are real. It follows
that each ramiﬁed double covering of P1 ramiﬁed at these 2g + 2 complex points deﬁnes
a real hyperelliptic curve (X, f ) of genus g having r real components. By Lemma 5.2, 
does not map f (X(R))into itself. Therefore, (X, f,) is a Gaussian curve of type II and of
order n. 
We need the following notation. For an integer k, denote by ord2(k) the 2-valuation of k,
i.e., the unique natural integer i such that k = 2ik′ with k′ an odd integer.
Corollary 5.4. Let g, r ∈ N such that 1rg+ 1. There is a Gaussian curve inHg,r of
type II if and only if ord2(g)=ord2(r) or ord2(g+1)=ord2(r).Moreover, in that case,Hg,r
contains Gaussian curves of type II and of order 2i+1, where i= ord2(r). Furthermore, the
order of any Gaussian curve of type II inHg,r is a multiple of 2i+1.
Proof. Suppose that there is a Gaussian curve (X, f,) of type II of genus g and having r
real components. Let us show that ord2(g) = ord2(r) or ord2(g + 1) = ord2(r). Let n be
the order of . Let i = ord2(r) and write r = 2i r ′ with r ′ an odd integer. By Theorem 5.3,
2r/n is odd. Hence, ord2(n)= ord2(2r)= i + 1. Write n= 2i+1n′, with n′ an odd integer.
By Theorem 5.3, there are two cases to consider: the case where n divides g − r + 1 and
the case where n divides g − r .
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In the ﬁrst case, one necessarily has that 2i+1 divides g−2i r ′ +1. Then, 2i divides g+1.
Write g+ 1= 2ig′, where g′ is an integer. Then, 2 divides g′ − r ′. Since r ′ is odd, g′ is odd
as well. It follows that ord2(g + 1)= i = ord2(r).
In the second case, one obtains similarly that ord2(g)=ord2(r). This shows that ord2(g)=
ord2(r) or ord2(g + 1)= ord2(r).
In order to show the converse, suppose that ord2(g)= ord2(r) or ord2(g+ 1)= ord2(r).
Let i= ord2(r) and let n= 2i+1. Then, n satisﬁes the conditions of Theorem 5.3. It follows
that there is a Gaussian curve of type II and of genus g having r real components.
The last two statements follow immediately from Theorem 5.3. 
Let g and r be natural integers such that 1rg + 1. Let B˜IIg,r be the subset of B˜
II
consisting of all pairs (B,), where deg(B)=2g+2 and deg(B ∩P1(R))=2r . Of course,
B˜
II
g,r is a nonempty open subset of B˜
II,n
. Moreover, B˜
II is the disjoint union of the subsets
of the form B˜IIg,r .
Let n be a nonzero even natural integer. Let B˜II,n be the subset of B˜II of all pairs (B,)
for which the order of  is equal to n. Of course, B˜II,n is an open subset of B˜II,n. Moreover,
B˜
II is the disjoint union of the subsets B˜II,n, where n runs through all nonzero even natural
integers.
Put
B˜
II,n
g,r = B˜
II
g,r ∩ B˜
II,n
.
According to Theorem 5.3, B˜II,ng,r is nonempty if and only if
(1) n divides 2r and the quotient 2r/n is odd, and
(2) n divides g − r + 1 or n divides g − r .
In that case, it is easy to see that
dim B˜II,ng,r =


2g + 2
n
− 1 if n divides g − r + 1 and
2g
n
− 1 if n divides g − r.
Theorem 5.5. Let gand rbenatural integers satisfying1rg+1.Suppose thatord2(g)=
ord2(r) or ord2(g + 1) = ord2(r). Then, the locus GIIg,r of Gaussian curves of type II in
Hg,r is equal to
GIIg,r =  ◦ −1(B˜
II,2i+1
g,r ),
where i = ord2(r). In particular, GIIg,r is irreducible and
dimGIIg,r =


g + 1
2i
− 1 if ord2(g + 1)= ord2(r) and
g
2i
− 1 if ord2(g)= ord2(r).
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6. Example: Gaussian curves of genus 2
In the present section we apply our results to real curves of genus 2. In particular, by
means of our general theory, we recover the results of [2, Proposition 7.2]. All real curves
of genus 2 are hyperelliptic and, by Proposition 3.1, we are interested only in the ordinary
ones, that split into 3 homeomorphism classes:H2,1,H2,2 andH2,3.
Example 6.1. We start with the so-called M-curves, that is the curves of genus 2 whose
real locus consists of 3 connected components. There are the following 3 types of Gaussian
curves.
(1) First of all, by Theorem 5.5 there is an irreducible 2-dimensional family of Gaussian
curves of type II and order 2 (we denote it byGII,22,3 , and similar notations will be used in the
present section). The curves of this family may be represented by an afﬁne plane equation
of the form
y2 = x(x − a)(x − b)(ax + 1)(bx + 1).
In fact, by [6, p. 347], for the generalX ∈ GII,22,3 , the automorphism group ofXC is the non-
cyclic group of order 4, generated by the hyperelliptic involution and by the automorphism
1 deﬁned as
1(x, y)=
(
−1
x
,
y
√−1
x3
)
.
AutXC consists of 2 real automorphisms (the trivial one and the hyperelliptic involution)
and 2 imaginary automorphisms (1 and its conjugate). The real automorphism 1 induced
on P1 by 1 and 1 is of order 2 and it has no real ﬁxed points; so, as expected, it provides
X of a structure of Gaussian curve of type II and order 2.
(2) Next, byTheorem 4.3, there is an irreducible 1-dimensional family of Gaussian curves
of type I, represented by afﬁne plane equations of the form
y2 = x(x2 − a2)(a2x2 − 1).
For the general curve X of this family, the group AutXC has order 8 and it is generated by
the automorphism 1 above and the automorphism 2 deﬁned as
2(x, y)= (−x, y
√−1).
1, 2 and their conjugate are the 4 imaginary automorphisms of X. The pair 1, 1, as we
have already seen, gives to the curve the structure of Gaussian curve of type II and order 2.
On the other hand, the pair 2, 2 provides X of a structure of Gaussian curve of type I, as
we have seen in Proposition 4.1.
(3) Finally, by Theorem 5.3 there is a single Gaussian curve of type II and order 6. An
easy computation (we omit the details) shows that it is the curve X of equation
y2 = 3x5 − 10x3 + 3x
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and that AutXC has order 24 and it is generated by the automorphism 2 above and by the
automorphism 3 deﬁned as
3(x, y)=
( √
3x + 1
−x +√3 ,
8y
√−1
(−x +√3)3
)
.
So there are 12 imaginary automorphisms on X: 1 = 33, 2, 3, 4 = 53, 5 = 223,
6 = 243 and their conjugate. We have already described the automorphisms 1, 1 and
2, 2: they give to the curve the structure of Gaussian curve of type II and order 2 and of
type I, respectively. The automorphisms 3 and 4 induced by the pairs 3, 3 and 4, 4
are of order 6 and so they provided X of a structure of Gaussian curve of type II and order
6. Finally, it is immediate that the automorphism 5, 5 and 6, 6 are additional imaginary
automorphisms of type I.
We remark that there is a chain of inclusions
GII,62,3 ⊂ GI2,3 ⊂ GII,22,3 = G2,3 ⊂H2,3
of irreducible spaces having dimension 0, 1, 2 and 3, respectively. We also remark that, for
the curves seen in the present example, all the automorphisms are either real or imaginary:
this is a very particular case, because in general a complex nonreal automorphism is not
necessarily “purely imaginary” in the sense of our deﬁnition!
Example 6.2. For real curves of genus 2 having 2 real connected components, Theorems
4.3 and 5.3 ensure that there are only 2 types of Gaussian curves: there is a 1-dimensional
irreducible family of Gaussian curves of type I, consisting of the curves of equation
y2 = x(x2 + 1)(x2 − a2),
and one curve of this family has also a structure of Gaussian curve of type II and order 4:
one easily sees that it is the curve of equation
y2 = x5 − x.
So there is a chain of inclusions
GII,42,2 ⊂ GI2,2 = G2,2 ⊂H2,2
of irreducible spaces having dimension 0, 1 and 3, respectively. Note that there are no
Gaussian curves of type II and order 2: this implies that the locus of Gaussian curves has
lower dimension than for the M-curves and in particular it does not disconnect the entire
spaceH2,2.
Example 6.3. Finallywe consider the case of real curves of genus 2 having 1 real connected
component. By Theorem 5.5 there is a 2-dimensional irreducible family of Gaussian curves
of type II, consisting of curves of equation
y2 = x(x2 − 2ax + a2 + b2)((a2 + b2)x2 + 2ax + 1).
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There is also a family of Gaussian curves of type I, but the main difference with respect to
previous cases is that it is not irreducible: as explained in Theorem 4.3, it splits into two
1-dimensional families, consisting of the curves of equations
y2 = x(x4 + a2)
and
y2 = x(x2 + 1)(x2 + a2).
As above, we have the following kind of stratiﬁcation:
GI2,1 ⊂ GII,22,1 = G2,1 ⊂H2,1.
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